In recent reports, suggestions have been put forward to the effect that parity and time-reversal (PT) symmetry in quantum mechanics is incompatible with causality. It is shown here, in contrast, that PT-symmetric quantum mechanics is fully consistent with standard quantum mechanics. This follows from the surprising fact that the much-discussed metric operator on Hilbert space is not physically observable. In particular, for closed quantum systems in finite dimensions there is no statistical test that one can perform on the outcomes of measurements to determine whether the Hamiltonian is Hermitian in the conventional sense, or PT-symmetric-the two theories are indistinguishable. Nontrivial physical effects arising as a consequence of PT symmetry are expected to be observed, nevertheless, for open quantum systems with balanced gain and loss.
In recent reports, suggestions have been put forward to the effect that parity and time-reversal (PT) symmetry in quantum mechanics is incompatible with causality. It is shown here, in contrast, that PT-symmetric quantum mechanics is fully consistent with standard quantum mechanics. This follows from the surprising fact that the much-discussed metric operator on Hilbert space is not physically observable. In particular, for closed quantum systems in finite dimensions there is no statistical test that one can perform on the outcomes of measurements to determine whether the Hamiltonian is Hermitian in the conventional sense, or PT-symmetric-the two theories are indistinguishable. Nontrivial physical effects arising as a consequence of PT symmetry are expected to be observed, nevertheless, for open quantum systems with balanced gain and loss. Since the realisation by Bender and Boettcher [1] that complex-non-Hermitian-Hamiltonians admitting space-time reflection (parity and time-reversal) symmetry can possess entirely real eigenvalues, considerable amount of research has been carried out into identifying properties of physical systems described by PTsymmetric Hamiltonians. It was subsequently observed that such Hamiltonians, although not Hermitian, can nevertheless be used to generate unitary time evolutions for the characterisation of closed quantum systems, provided that one works with a Hilbert space equipped with a preferentially selected inner product [2, 3] . In fact, the idea of modifying the Hilbert space inner product in quantum mechanics has previously been proposed in [4] , but the work of [2, 3] has triggered extensive research into the identification of appropriate inner products-the so-called metric operators-for a wide range of complex PT-symmetric Hamiltonians. Nevertheless, the physical significance of the metric operator has hitherto remained elusive, leading to a variety of controversial claims concerning what might be achievable by altering the inner product in a laboratory experiment.
The purpose of the present paper is to unambiguously settle this issue by showing that the degrees of freedom in the Hamiltonian associated with the choice of the Hilbert space inner product are not observable. Putting the matter differently, the lack of Hermiticity of the Hamiltonian, or equivalently the Petermann factor (see, e.g., [5] ), is not observable in closed systems-in contrast to open systems. The significance of this result is that not all parametric degrees of freedom in a complex Hamiltonian can be perturbed by an experimentalist in a laboratory. Our finding thus answers the open question raised in [6] regarding the possible physical constraints that prohibit experimentalists modifying the inner product (or equivalently, switching between different PT-symmetric Hamiltonians) in a laboratory. For the same token, the results here invalidate the claim in [7] that local PTsymmetric Hamiltonians violate the no-signalling condition, and the claim in [8] that local PT-symmetric Hamiltonians can be used to increase entanglement. It will be shown that, on the contrary, there are no experiments that can be performed to a system modelled on a finite-dimensional Hilbert space whose statistics can distinguish between Hermitian and complex PT-symmetric Hamiltonians. For open quantum systems, on the other hand, for which a PT-symmetric environment can artificially be created, we expect interesting new physics to emerge owing to the presence of complex degeneracies. We conclude the paper with brief remarks on what one might expect to observe in such open quantum systems.
To proceed we find it convenient to adopt the biorthogonal framework to describe properties of PT-symmetric Hamiltonians (as in [9] [10] [11] [12] [13] ). The use of biorthogonal states is of course common, and has been proven to be highly effective, in the literature of resonance physics [14] . Following closely the formalism of [13] , we shall find it equally effective in the analysis of closed quantum systems. Here we take a 'bottom up' approach by starting with a set of linearly independent vectors {|φ n } n=1,...,N in an N -dimensional Hilbert space. We have in mind the case in which these vectors are not necessarily orthogonal. For a given |φ k , let us write |χ k for an element of the one-dimensional subspace of the Hilbert space orthogonal to the span of {|φ n } n =k . In this manner, we obtain a set of biorthogonal states: χ n |φ m ∝ δ nm , which is unique up to scales. Since the vectors {|φ n } are linearly independent, an arbitrary given state |ψ can be expanded uniquely in the form
We then define a state |ψ associated to |ψ by the prescription
The term 'associated state' was introduced in [15] in the context of real Hilbert spaces. With the introduction of the notion of an associated state, we define a physical Hilbert space according to the following scheme: If |ψ = n c n |φ n and |ϕ = n d n |φ n , then
Here we have fixed without loss of generality the normalisation convention so that χ n |φ m = δ nm . With this norm convention, an operator acting on the states of the physical Hilbert space can be expressed in the form
whose expectation in a generic state (1) is
For an operatorF to represent a physical observable, we require its expectation values to be real. Evidently, this is realised only if the array {f nm } satisfies the 'Hermiticity' conditionf mn = f nm , even thoughF is not Hermitian: F † =F . This leads to the important observation that the reality condition, required for physical observables, merely demands the Hermiticity of the array {f nm }, with respect to any choice of biorthogonal basis states, but not the Hermiticity of the operatorF . Now suppose thatF is a physical observable, that is, the array {f nm } is Hermitian with respect to a choice of biorthogonal basis, and that the system is prepared in a state |ψ = n c n |φ n . Write {f n } for the eigenvalues ofF , which by definition are real, and {|f n } for the associated eigenstates. Then the probability of finding the outcome f k from the measurement ofF , when the system is in the state |ψ , is given by
It can easily be verified that p n ≥ 0 and that n p n = 1, even though f n |f m = 0. We thus observe that a consistent probabilistic interpretation of quantum mechanics emerges, once again, from any choice of complete biorthogonal basis states, irrespective of the numerical
As regards the dynamics, suppose thatĤ is the Hamiltonian of a system, with eigenstates {|φ n } and real eigenvalues {E n }. SinceĤ † =Ĥ, the evolution operator U = e −iĤt/ does not satisfy the conventional unitarity condition:Û †Û = 1. Nevertheless, the time evolution is unitary in the physical Hilbert space, which can easily be verified. Specifically, the solution to the Schrödinger equation i ∂ t |ψ t =K|ψ t , with initial condition |ψ 0 = n c n |φ n , is given by |ψ t = n c n e −iEnt/ |φ n . According to the conjugation rule (2) we thus deduce that ψ t |ψ t = ψ 0 |ψ 0 for all t > 0. More generally, if |ϕ t is another solution to the Schrödinger equation with a different initial condition, then we have the unitarity condition φ t |ψ t = φ 0 |ψ 0 for all t > 0, on account of the reality of {E n }.
The foregoing analysis shows that based on the biorthogonal formalism, the reality of physical observables, the consistency of probabilistic interpretation of measurements, and the unitarity of the time evolution all follow straightforwardly, without the knowledge of the numbers φ n |φ m . These observations suggest that for a closed quantum system, the numerical values of the overlaps φ n |φ m may not be physically identifiable. We shall proceed to establish that this is indeed the case. Our proof is based on the construction of physical observables. Namely, given the biorthogonal basis states {|φ n , |χ n }, we can construct the algebra of all physical observables directly, without reference to any other ingredients. Then an arbitrary physical observable, up to trace, is given by a linear combination of the elements of the algebra. The parameters entering in the algebra, which are related to the numbers φ n |φ m , however, are, by construction, completely hidden to an observer, since expectation values only depend on the state and the expansion coefficients of the observable in terms of the elements of the algebra. This completes the proof that the numbers φ n |φ m cannot be observed or estimated from any measurement in a closed quantum system. It follows, in particular, that the so-called metric operator, of which an enormous amount of research efforts have been made in the literature, carries no physical information, again in the case of a closed system.
To gain a better intuition of the proof above, it suffices to consider the two level system. We let {|e 1 , |e 2 } be a pair of orthonormal states, and construct an arbitrary pair of linearly independent vectors. Without loss of generality we can set |φ 1 ∝ |e 1 and |φ 2 ∝ cos iη |e 2 ; but to make the resulting algebra looking a little more symmetric let us choose the parameterisation as follows: Fixing the normalisation such that χ n |φ m = δ nm , we set 
and 
for an arbitrary biorthogonal basis states, parameterised by (ξ, η). (Here we have chosen the normalisation such that φ 1 |φ 1 = φ 2 |φ 2 = χ 1 |χ 1 = χ 2 |χ 2 , so that all the states are defined on the same projective Hilbert space-this removes the scale ambiguity discussed for example in [16] [17] [18] .) In the case of two-level systems, a physical observable, up to trace, can be expressed as a linear combination of the three Pauli matrices, with real coefficients. We thus use (7) and (8) directly to work out the three Pauli matrices:
σ y = i cot
It should be evident by a straightforward computation that the triplet (σ x ,σ y ,σ z ) fulfils the standard su(2) commutation relations. These extended Pauli matrices are in general not Hermitian (in this exampleσ x is Hermitian), but their eigenvalues are nevertheless real and are given by ±1. In fact, up to unitarity, these are the most general parametric family of Pauli matrices, while the standard Hermitian limit is restored if we let ξ → π and η → 0. The expectation values, in the sense of (5), of these Pauli matrices in a generic state |ψ = cos 
independent of the values of the parameters (ξ, η). An arbitrary physical observableF =F † can thus be expressed in the form
whose expectation value in any given state (pure or mixed) is likewise independent of the parameters (ξ, η). Note that the sextet (t, x, y, z, ξ, η) corresponds to the six parameters required for specifying most general PTsymmetric 2 × 2 Hamiltonians [19, 20] . The foregoing example illustrates the fact that when a HamiltonianĤ is prescribed according to (13) , the only parameters that an experimentalist can adjust in a laboratory are the ones in the triplet (x, y, z), and possibly t in some circumstances, but not the remaining two variables (ξ, η). For the same token, the metric operator widely investigated in the literature is not physically observable. To see this, let us return to the general Ndimensional case. With respect to any given choice of orthonormal basis {|e n } n=1,...,N , let us define an operatorû by the property that |φ n =û|e n for all n, and similarly definev by the relation |χ n =v|e n for all n. Evidently, in the two-dimensional case the operatorsû andv are fully determined by the parameter pair (ξ, η)-they are essentially transpositions of the matrix of coefficients in (7) and (8) . Then the linear independence of {|φ n } implies thatû is invertible, and the orthonormality condition χ n |φ m = δ nm implies that the inverse of u is given byv † , i.e.v †û = 1. To proceed, let us substitute |φ n =û|e n and |χ n = (û † ) −1 |e n in (4) for a physical observableF and obtain:
is a standard Hermitian operator. The relation (14) thus defines a similarity transformation between a Hermitian operatorf and a PT-symmetric operatorF . The operatorû defining the transformation is unique up to unitary transformations associated with the choice of {|e n }. We also observe that by taking the Hermitian conjugate ofF we obtainF † = (û † ) −1fû † , but (14) implies that f =û −1Fû so we deduce that
whereûû † is an invertible positive Hermitian operator. This is the reality condition that has to be satisfied by all physical observables. It is worth remarking that in finitedimensional Hilbert space, the structure of quantum mechanics is not sufficient to identify the reality of states and observables. One has to augment the Hilbert space with the specification of a positive Hermitian quadratic formĝ = (ûû † ) −1 . Only then can one speak of the reality condition. The fact that Dirac had made the most convenient and economical choiceĝ = 1 perhaps has had the effect of obscuring this subtlety, but it can be made fully transparent by adopting the biorthogonal framework. Finally, since |χ n = (û † ) −1 |e n = (û † ) −1û−1 |φ n =ĝ|φ n , and sinceĝ † =ĝ, we deduce that
In other words, the operatorĝ plays the role of a metric for the (original) Hilbert space. The degrees of freedom associated with the metric operator, however, are precisely those hidden variables required for the specification of the algebra of observables. It follows that the metric operatorĝ is not a physically measurable quantity. In the conventional approach to PT-symmetric quantum mechanics, it is common, and indeed natural, to adopt a 'top-down' approach in which one begins with the specification of the Hamiltonian. As a consequence, the physical degrees of freedom and those associated with the specification of the algebra of observables are intertwined, and there is no elementary way of disentangling them. This has had the effect of obscuring the meaning and the significance of the metric operator. In the literature it has long been acknowledged, since Mostafazadeh [21] , that (at least in finite dimensions) a PT-symmetric Hamiltonian, when its eigenstates are also PT-symmetric, is equivalent to a Hermitian Hamiltonian via the similarity transformation (14) . This conclusion, whilst technically correct, is perhaps misguided since it does not explain the physical significance of the transformation. Additionally, the equivalence statement ceases to hold in typical infinite-dimensional systems. The accurate statement that we can now make is that a PT-symmetric Hamiltonian, when its eigenstates are also PT-symmetric, is indistinguishable from a Hermitian Hamiltonian. Furthermore, there are no physical operations one can perform to break PT symmetry in a closed system, since those operations require the manipulation of inaccessible variables. It also follows that the suggestion that PT-symmetry is a generalisation of Hermiticity [12] , in the case of finitedimensional Hilbert spaces, is inaccurate, since the reality condition (16) must apply for some choice ofû for all observables.
Let us discuss further implications of the above findings. It was observed in [6] that if an experimentalist has a free access to alter the metric operatorĝ, then it is possible to transform one quantum state into another with finite energy in an arbitrary short time. The question as to whether there might be a physical constraint that limits this possibility was left open in [6] , but the above result clearly shows that indeed there is no way of alteringĝ; hence an arbitrary fast state transformation cannot be implemented. An analogous conclusion was drawn in [22] , however, not based on the observability of the metric operator, since the analysis therein is based on the incorrect assumption that the metric operator can be chosen or altered. In [7] it was argued that the application of a local PT-symmetric Hamiltonian can lead to the construction of a communication channel that violates the causality constraints. Again, their analysis, which assigns physical significance to the metric operator, is empty, and their conclusion that if a PT-symmetric Hamiltonian can "coexist" within the conventional quantum system then it cannot be regarded as describing viable physical system, since the similarity transformation to an equivalent Hermitian Hamiltonian requires nonlocal data, is false: Local observers do not have the capability to select the metric operator in a closed system. The correct treatment of a coupled system requires the consideration of the tensor product of two physical Hilbert spaces in the sense defined above. A similar analysis is presented in [8] to suggest that the degree of entanglement can be modified by use of local PTsymmetric Hamiltonians-once again, this conclusion is obtained only by means of accessing the physically inaccessible parameters in the Hamiltonian.
In summary, we have demonstrated that for the characterisation of a closed quantum system by means of a complex PT-symmetric Hamiltonian, not all the parameters in the Hamiltonian are experimentally accessible. This finding resolves several controversies and confusions in the literature. To what extent the foregoing analysis extends to infinite-dimensional systems is an interesting open question. It suffices to remark that in infinite dimensions, the biorthogonal partner {|χ n } of a complete set of states {|φ n } need not be complete [23] . The foregoing analysis based on the biorthogonal formalism nevertheless suggests the following conjecture: Provided that the Hamiltonian admits a complete biorthogonal set of basis states and a set of real eigenvalues, it can be used as a viable model for a physical system, irrespective of whether it admits an 'equivalent' Hermitian counterpart Hamiltonian. In particular, the unboundedness of the metric operator or its inverse, which has shed doubts on the naive 'equivalence' arguments of [21, 22] , will entail no implications.
We conclude with a discussion on PT symmetry in open quantum systems. Since the observation that a PTsymmetric environment can be replicated by means of a balanced gain and loss [24] [25] [26] , various experimental realisations have either been predicted, or observed in laboratory experiments, for a variety of systems including optical waveguides [27, 28] , Bose-Einstein condensates [29, 30] , laser physics [31] [32] [33] , electric circuits [34, 35] , spectroscopy [36] , and microwave cavity [37, 38] , to name a few. Unlike closed systems discussed above, the parametric freedom of the operatorû in an open system can be manipulated experimentally, and one can predict or observe counterintuitive behaviours arising from the degeneracies of the energy eigenstates (exceptional points). All the experiments that have been performed so far, however, involve classical systems admitting quantummechanical characterisations (e.g., paraxial approximation to the scalar Hermholtz equation in optics). The implementation of a controlled gain and loss in a bona fide quantum system, on the other hand, seems to be achievable only probabilistically, owing to quantum limitations such as those arising from uncertainty principles. For instance, to maintain a perfect balance of gain and loss of energy, not only the amount of energy but also the timing of its flow will have to be controlled with a perfect precision. For classical systems this is not an issue, while quantum mechanically, gain and loss can be balanced at best only on average. One can nevertheless model the gain and loss channels by use of Lindblad operators to investigate the behaviour of such quantum systems. It seems evident, due to loss of information whenever gain and loss are implemented probabilistically, that the longtime limit of an open PT-symmetric quantum dynamics is such that any initial state will decay into the state of total ignorance. In view of the preliminary analysis of [39] , however, it is tempting to conjecture that the signature of exceptional points in the classical counterpart Hamiltonian is visible in the quantum dynamics: Namely, when the eigenvalues of the corresponding classical PT-symmetric Hamiltonian of the system are real, the decay of the quantum state into the state of total ignorance is superimposed with an oscillatory (unitary) motion, whereas in the region where PT-symmetry of the eigenstates are broken, the decay will be purely exponential, exhibiting no oscillation. Such a transition, if the stated conjecture were to hold, can be examined both theoretically and experimentally.
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